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TOPOLOGICAL TRANSITIVE SEQUENCE OF COSINE OPERATORS ON ORLICZ
SPACE
I. AKBARBAGLU, M. R. AZIMI AND V. KUMAR
Abstract. For a Young function φ and a locally compact second countable group G, let Lφ(G) denote
the Orlicz space on G. In this article, we present a necessary and sufficient condition for the topological
transitivity of a sequence of cosine operators {Cn}∞n=1 := {
1
2
(Tng,w + S
n
g,w)}
∞
n=1, defined on L
φ(G). We
investigate the conditions for a sequence of cosine operators to be topological mixing. Moreover, we go
on to prove the similar results for the direct sum of a sequence of the cosine operators. At the last, an
example of topological transitive sequence of cosine operators is given.
1. Introduction and preliminaries
A sequence of bounded linear operators {Tn}∞n=1 acting on a Fre´chet space X is said to be topological
transitive if for each pair of no-empty open sets (U, V ) inX , there exists an n ∈ N such that Tn(U)∩V 6= ∅.
A single bounded linear operator T is topological transitive whenever the sequence of its iterates, that
is {T n}∞n=0 is topological transitive where T
0 is the identity map. Furthermore, a sequence {Tn}∞n=1 is
called hypercyclic if there is a vector x ∈ X whose orbit {Tnx : n = 0, 1, 2, ...} is dense in X . Such a
vector is called a hypercyclic vector for that sequence. Analogously, when the sequence {T n}∞n=0 is dense
in X , we say that an operator T is hypercyclic. It is worth noting that these two notions, topological
transitivity and hypercyclicity in a single case are more likely equivalent on a Fre´chet space X [3, 8]. An
operator T is topologically mixing whenever for each pair of no-empty open sets (U, V ) in X , there exists
an N ∈ N such that T n(U) ∩ V 6= ∅ for all n ≥ N . The operators of the form ”identity plus a backward
shift” are the example of topologically mixing operators which are also hypercyclic. An operator T on a
Fre´chet space X is weakly mixing if and only if T ⊕T is hypercyclic on X⊕X . Note that weakly mixing
maps are topologically transitive but in the topological setting, the converse is not true. More detailed
information concerning dynamics of linear operators may be found in the best interesting books [3] and
[8].
A continuous, even and convex function φ : R→ R+∪{0} is called a Young’s function whenever φ(0) = 0
and limt→∞ φ(t) = ∞. Corresponding for each Young’s function φ, there is another Young’s function
ψ : R→ R+ ∪ {0} defined by ψ(y) := sup{x|y| − φ(x) : x ≥ 0}, which is called complementary Young’s
function of φ.
Let G be a locally compact and second countable group with the identity element e. Consider a right
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invariant Haar measure λ on G. Let Lφ(G) denote the set of all Borel measurable functions f on G such
that ∫
G
|f(x)ν(x)| dλ(x) < +∞,
for each measurable ν with
Ψ(ν) :=
∫
G
ψ(ν)dλ ≤ 1.
The set of all Borel functions ν on G such that Ψ(ν) ≤ 1 will be denoted by Ω. Plainly Lφ(G) is a vector
space. Now we assume that the Young’s function φ vanishes only at zero. This guarantees that Lφ(G)
equipped with the norm
‖f‖φ := sup
Ψ(ν)≤1
∫
G
|f(x)ν(x)| dλ(x),
is a Banach space and called an Orlicz space[11].
Another equivalent norm on Lφ(G) is defined by
Nφ(f) = inf{k > 0 :
∫
G
φ(
|f |
k
)dµ ≤ 1},
which is so-called the Luxemburg norm.
A Young’s function φ is said to satisfy condition ∆2-regular if there is a constant k > 0 such that
φ(2t) ≤ kφ(t) for large values of t when λ(G) < ∞. In case λ(G) = ∞, φ(2t) ≤ kφ(t) for each t > 0.
Some examples of such Young’s functions may be found in [2, Example 2.8]. If φ is ∆2-regular, then the
space Cc(G) of all continuous functions on G with compact support is dense in L
φ(G), and the dual space
(Lφ(G), ‖ · ‖φ) is (L
ψ(G), Nψ(·)). For further information the interested reader is referred to [11].
It is well known that the hypercyclic phenomenon is occurred only on infinite-dimensional and separable
spaces [3, 8]. For this reason, we assume that G is second countable and φ(x) = 0 if and only if x = 0 [11,
p. 87, Theorem1]. Throughout this paper, the Banach space of all essentially bounded and measurable
functions on G is denoted by L∞(G) and N(f, r) denotes a neighborhood of f ∈ Lφ(G) with radius r > 0.
A bounded continuous function w : G → (0,∞) is called a weight. For g ∈ G, let δg be the unit point
mass at g. Given a weight w on G and g ∈ G, a weighted translation Tg,w : Lφ(G)→ Lφ(G) is defined by
Tg,w(f) := w · f ∗ δg, f ∈ L
φ(G)
where f ∗ δg is the following convolution
f ∗ δg(t) :=
∫
G
f(tx−1)dδg(x) = f(tg
−1), t ∈ G.
Indeed it is the right translation of f by g−1. Moreover, it is easy to check that f ∗ δg ∈ L
φ(G) whenever
f ∈ Lφ(G). Recall that an element g ∈ G is called a torsion element if it is of finite order. An element
g ∈ G is called periodic if the closed subgroup G(g) generated by g is compact. Further, an element in
G is aperiodic if it is not periodic. Equivalently, g ∈ G is an aperiodic element, if and only if for any
compact subset K ⊂ G, there exists an N ∈ N such that K ∩Kg−n = ∅ for n > N [6, Lemma 2.1]. It is
worth noting that a weighted translation Tg,w cannot be hypercyclic whenever ‖w‖∞ ≤ 1 or g is a torsion
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element [6, 2]. The hypercyclic weighted translation on locally compact groups have been characterized
by C. Chen [6] in details. In addition, he has studied the hypercyclicity of weighted convolution operators
in [7]. Moreover, the hypercyclic weighted translations on Orlicz spaces Lφ(G) has been studied in [2].
In the case w−1 := 1
w
∈ L∞(G), the weighted translation operator Tg,w is invertible and its inverse is
Tg−1,w−1∗δg which will be denoted by Sg,w throughout this paper. For each n ∈ Z, the cosine operator
Cn : L
φ(G)→ Lφ(G) is defined by
Cn :=
1
2
(T ng,w + S
n
g,w).
The study of cosine operator on Banach spaces is originally due to the work done in [4] by Bonilla
and Miana. They gave sufficient conditions for the hypercyclicity and topological mixing of a strongly
continuous cosine operator function. Afterwards, T. Kalmes in [9] characterized the hypercyclicity of
cosine operator functions on Lp(Ω) (Ω is open subset of Rd) generated by second order partial differential
operators. He also showed that the hypercyclicity and weakly mixing of these type of operators are
equivalent.
Furthermore, a necessary and sufficient condition for the topological transitivity of the cosine operator
Cn on L
p(G) has been already studied in [5]. Nevertheless, in this paper, we are going to generalize that
condition to Orlicz space Lφ(G) on which the topological transitivity of the cosine operator Cn stays still
in force.
2. Main Result
In this section we present our main results with some immediate consequences. We begin with the
following theorem which give a necessary and sufficient condition on weight so that cosine operator is
topological transitive.
Theorem 2.1. Let g ∈ G be an aperiodic element of G and let φ be a ∆2-regular Young’s function. Let
w, w−1 ∈ L∞(G). If Cn :=
1
2 (T
n
g,w + S
n
g,w) is a cosine operator on L
φ(G), then the following statements
are equivalent.
(i) (Cn)n∈N0 is topological transitive.
(ii) For each non-empty compact subset K ⊂ G with λ(K) > 0, there exist sequences of Borel sets
(Ek), (E
+
k ) and (E
−
k ) in K, and a sequence (nk) of positive numbers such that for Ek = E
+
k ∪E
−
k ,
we have
lim
k→∞
sup
ν∈Ω
∫
K\Ek
|ν(x)| dλ(x) = 0.
Moreover, the two sequence
ϕn =
n∏
j=1
w ∗ δj
g−1
and ϕ˜n =

 n∏
j=1
w ∗ δjg


−1
satisfy
lim
k→∞
sup
ν∈Ω
∫
Ek
ϕnk(x)|ν(xg
nk )| dλ(x) = 0,
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lim
k→∞
sup
ν∈Ω
∫
Ek
ϕ˜nk(x)|ν(xg
nk )| dλ(x) = 0,
lim
k→∞
sup
ν∈Ω
∫
E
+
k
ϕ2nk(x)|ν(xg
2nk )| dλ(x) = 0,
lim
k→∞
sup
ν∈Ω
∫
E
−
k
ϕ˜2nk(x)|ν(xg
2nk )| dλ(x) = 0.
Proof. (i) ⇒ (ii). In spite of being different underlying spaces, the approach of the proof is followed like
as done in [5]. Let K be a compact subset of G such that λ(K) > 0. Since g ∈ G is an aperiodic element,
there exists N ∈ N such that K ∩ Kg±n = ∅ for n > N [6, Lemma 2.1]. Denote the characteristic
function of K defined on G by χK . Clearly χK ∈ Lφ(G). Take U = N(χK , ǫ2) and V = N(−χK , ǫ2) in
the definition of the topological transitive for the sequence (Cn)n∈N0 . Then for each ǫ ∈ (0, 1), there exist
f ∈ Lφ(G) and m ∈ N , such that
‖f − χK‖φ < ǫ
2 and ‖Cmf + χK‖φ < ǫ
2.
Hence, we can write that
‖Re(f)− χK‖φ < ǫ
2 and ‖Re(Cmf) + χK‖φ = ‖CmRe(f) + χK‖φ < ǫ
2,
where Re(f) is the real part of the complex valued function f . Since the maps Re : Lφ(G,C)→ Lφ(G,R)
and f 7→ f+ := max{0, f} from Lφ(G,R) to Lφ(G,R) are continuous and also commute with both Tg,w
and Sg,w, hence without loss of generality we may assume that the function f is positive.
Therefore, for any Borel subset F ⊂ G, we have
‖Cmf
+χF ‖φ ≤ ‖(Cmf)
+‖φ = ‖(Cmf + χK − χK)
+‖φ
≤ ‖(Cmf + χK)
+‖φ + ‖(−χK)
+‖φ
= ‖(Cmf + χK)
+‖φ ≤ ‖Cmf + χK‖φ < ǫ
2.(1)
Set A = {x ∈ K : |f(x)− 1| > ǫ}. Then
ǫ2 > ‖f − χK‖φ = sup
ν∈Ω
∫
G
|f(x)− χK(x)||ν(x)| dλ(x)
≥ sup
ν∈Ω
∫
K
|f(x)− 1||ν(x)| dλ(x)
> sup
ν∈Ω
∫
A
ǫ|ν(x)| dλ(x).
Therefore, we have
sup
ν∈Ω
∫
A
|ν(x)| dλ(x) < ǫ.
Set Bm = {x ∈ K : |Cmf(x) + 1| ≥ ǫ}. Then, by the similar argument, we get
sup
ν∈Ω
∫
Bm
|ν(x)| dλ(x) < ǫ.
TOPOLOGICAL TRANSITIVE SEQUENCE OF COSINE OPERATORS ON ORLICZ SPACE 5
Now, let Em := {x ∈ K : |f(x) − 1| < ǫ} ∩ {x ∈ K : |Cmf(x) + 1| < ǫ}. Then, for x ∈ Em, we get
f(x) > 1− ǫ > 0 and Cmf(x) < ǫ− 1 < 0. Also,
sup
ν∈Ω
∫
K\Em
|ν(x)| dλ(x) = sup
ν∈Ω
∫
A∪Bm
|ν(x)| dλ(x)
= sup
ν∈Ω
∫
A
|ν(x)| dλ(x) + sup
ν∈Ω
∫
Bm
|ν(x)| dλ(x)
< ǫ+ ǫ = 2ǫ.
By keeping the facts that Haar measure λ is right invariant, Tmg,wf
+ and Smg,wf
+ are positive in the mind,
with the aid of (1) we get that
2ǫ2 > ‖2(Cmf
+)χEm‖φ = ‖(T
m
g,wf
+ + Smg,wf
+)χEm‖φ ≥ ‖T
m
g,wf
+χEm‖φ
= sup
ν∈Ω
∫
Em
|Tmg,wf
+(x)||v(x)| dλ(x)
= sup
ν∈Ω
∫
Em
|w(x)w(xg−1) . . . w(xg−m+1)f+(xg−m)||v(x)| dλ(x)
= sup
ν∈Ω
∫
Em
w(xgm)w(xgm−1) . . . w(xg)f+(x)|v(xgm)| dλ(x)
= sup
ν∈Ω
∫
Em
ϕm(x)f
+(x)|ν(xgm)| dλ(x)
> sup
ν∈Ω
∫
Em
(1− ǫ)ϕm(x)|ν(xg
m)| dλ(x).
Therefore,
sup
ν∈Ω
∫
Em
ϕm(x)|ν(xg
m)| dλ(x) <
2ǫ2
1− ǫ
.
By the similar argument, we get
2ǫ2 > ‖(Smg,wf
+)χEmgm‖φ > (1− ǫ) sup
ν∈Ω
∫
Em
ϕ˜m(x)|v(xg
m)| dλ(x)
and thus
sup
nu∈Ω
∫
Em
ϕ˜m(x)|ν(xg
m)| dλ(x) <
2ǫ2
1− ǫ
.
Hence, the first part of Condition (ii) holds as ǫ is arbitrary.
Now, let E−m = {x ∈ Em : T
m
g,wf(x) < ǫ − 1} and E
+
m = Em \ E
−
m. Then, for x ∈ E
+
m, we have
ǫ− 1 > Cmf(x) =
1
2
Tmg,wf(x) +
1
2
Smg,wf(x) ≥
1
2
(ǫ− 1) +
1
2
Smg,wf(x)
and therefore
Smg,wf(x) < ǫ− 1, x ∈ E
+
m.
Now, consider the following
(1− ǫ) sup
ν∈Ω
∫
E
+
m
ϕ2m(x)|ν(xg
2m)| dλ(x)
= sup
ν∈Ω
∫
E
+
m
|w(xg2m)w(xg2m−1)w(xg2m−2) . . . w(xg)| |Smg,wf
−(x)| |ν(xg2m)| dλ(x)
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≤ sup
ν∈Ω
∫
E
+
mg2m
|w(x)w(xg)w(xg2) . . . w(xg−(2m−1))| |Smg,wf
−(xg−2m)| |ν(x)| dλ(x)
= sup
ν∈Ω
∫
E
+
mg2m
|T 2mg,wS
m
g,wf
−(x)| |ν(x)| dλ(x)
= sup
ν∈Ω
∫
E
+
mg2m
|Tmg,wf
−(x)| |ν(x)| dλ(x)
≤ 2 sup
ν∈Ω
∫
E
+
mg2m
|Cmf
−(x)| |ν(x)| dλ(x)
= 2 sup
ν∈Ω
∫
G
|Cmf
−(x)χE+mg2m | |ν(x)| dλ(x)
= 2 sup
ν∈Ω
∫
G
|Cm(f
+ − f)(x)χE+mg2m | |ν(x)| dλ(x)
= 2 sup
ν∈Ω
∫
G
|(Cmf
+)χE+mg2m − (Cmf + χK)χE+mg2m + χK∩E+mg2m| |ν(x)| dλ(x)
≤ 2 sup
ν∈Ω
∫
G
|(Cmf
+)χE+mg2m ||ν(x)| dλ(x)
+ 2 sup
ν∈Ω
∫
G
|(Cmf + χK)χE+mg2m | |ν(x)| dλ(x) + 2 sup
ν∈Ω
∫
K∩E+mg2m
|ν(x)| dλ(x)
≤ 2‖(Cmf
+χE+mg2m)‖φ + 2‖(Cmf + χK)‖φ + 2‖χK∩E+mg2m‖φ
< 2ǫ2 + 2ǫ2 + 0 = 4ǫ2.
In the last inequality, from the fact K ∩Kg±2m = ∅, has been already used. Therefore, we get
sup
ν∈Ω
∫
E+m
ϕ2m(x)|ν(xg
2m)| dλ(x) <
4ǫ2
(1− ǫ)
.
In similar lines, we also have
sup
ν∈Ω
∫
E
−
m
ϕ˜2m(x)|ν(xg
2m)| dλ(x) <
4ǫ2
(1− ǫ)
.
Since ǫ is arbitrary, last two condition of (ii) part also fulfilled.
(ii)⇒ (i). Let U and V be two non-empty open subsets of Lφ(G). Since φ is ∆2-regular we can choose
two non-zero functions f and h in Cc(G) such that f ∈ U and h ∈ V. Set K = supp(f) ∪ supp(h), the
supports of f and h respectively. Let Ek ⊂ K and it satisfies condition (ii). But g ∈ G is an aperiodic
element, hence there exists M ∈ N such that K ∩ Kg±n = ∅ for all n > M. Subsequently, for a given
ǫ > 0, one can find N ∈ N such that for each k > N , nk > M and
‖h‖∞ · sup
ν∈Ω
∫
Ek
ϕnk(x)|ν(xg
nk )| dλ(x) < ǫ, ‖h‖∞ sup
nu∈Ω
∫
K\Ek
|ν(x)|dλ(x) < ǫ.
Now, we have
‖T nkg,w(hχEk)‖φ = sup
ν∈Ω
∫
G
|T nkg,w(hχEk)(x)ν(x)| dλ(x)
= sup
ν∈Ω
∫
G
|w(x)w(xg−1) . . . w(xg−nk+1)h(xg−nk)χEk(xg
−nk)ν(x)| dλ(x)
= sup
ν∈Ω
∫
G
|w(xgnk )w(xgnk−1) . . . w(xg)h(x)χEk (x)ν(x)| dλ(x)
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≤ ‖h‖∞ · sup
ν∈Ω
∫
Ek
ϕnk(x)|ν(xg
nk )| dλ(x) < ǫ.
Hence,
lim
k→∞
‖T nkg,w(hχEk)‖φ = 0.
Also,
‖h− hχEk‖φ = sup
ν∈Ω
∫
G
|h(x)− h(x)χEk(x)||ν(x)| dλ(x)
= sup
ν∈Ω
∫
G
|h(x)χK\Ek(x)||ν(x)| dλ(x)
=
∫
K\Ek
|h(X)||ν(x)| dλ(x)
≤ ‖h‖∞ ·
∫
K\Ek
|ν(x)| dλ(x) < ǫ.
By similar argument, using the conditions given in (ii) we get
lim
k→∞
‖Snkg,w(hχEk)‖φ = 0, lim
k→∞
‖S2nkg,w (hχE−
k
)‖φ = lim
k→∞
‖T 2nkg,w (hχE+
k
)‖φ = 0.
In addition, we also have
lim
k→∞
‖Snkg,w(fχEk)‖φ = lim
k→∞
‖T nkg,w(fχEk)‖φ = 0.
For each k ∈ N, we set
vk = fχEk + 2T
nk
g,w(hχE+
k
) + 2Snkg,w(hχE−
k
).
In this stage, an application of the frequently used fact i.e., K ∩ Kg(m1−m2)nk = ∅ (m1,m2 ∈ Z and
m1 6= m2) with Minkowski inequality yield that
‖vk − f‖φ ≤ ‖f − fχEk‖φ + 2‖T
nk
g,w(hχE+
k
)‖φ + 2‖S
nk
g,w(hχE−
k
)‖φ
and
‖Cnkvk −h‖φ ≤ ‖h− hχEk‖φ+
1
2
‖T nkg,w(fχEk)‖φ+
1
2
‖Snkg,w(fχEk)‖φ+ ‖T
2nk
g,w (hχE+
k
)‖φ+ ‖S
nk
g,w(hχE−
k
)‖φ.
Therefore, we have limk→∞ ‖vk−f‖φ = 0 and limk→∞ ‖Cnkvk−h‖φ = 0 which gives that limk→∞ vk = f
and limk→∞ Cnkvnk = h. So, Cnk(U) ∩ V 6= ∅ for some k. Hence, the sequence (Cn)n∈N0 is topological
transitive. 
The following corollary gives a characterization of topological mixing property of cosine operators on
Orlicz space Lφ(G). Since the proof is similar to above theorem therefore we will omit the proof.
Corollary 2.2. Let g ∈ G be an aperiodic element of G and let φ be a ∆2-regular Young function. Let
w, w−1 ∈ L∞(G). If Cn :=
1
2 (T
n
g,w + S
n
g,w) is cosine operator on L
φ(G) then the following statements are
equivalent.
(i) (Cn)n∈N0 is topological mixing.
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(ii) For each non-empty compact subset K ⊂ G with λ(K) > 0, there exist sequences of Borel sets
(En) such that
lim
n→∞
sup
ν∈Ω
∫
K\En
|ν(x)| dλ(x) = 0
and the two sequence
ϕn =
n∏
j=1
w ∗ δj
g−1
and ϕ˜n =

 n∏
j=1
w ∗ δjg


−1
satisfy
lim
n→∞
sup
ν∈Ω
∫
En
ϕn(x)|ν(xg
n)| dλ(x) = 0,
lim
n→∞
sup
ν∈Ω
∫
En
ϕ˜n(x)|ν(xg
n)| dλ(x) = 0.
We formulate the discrete version of Theorem 2.1. If G is discrete group with the counting measure as
its Haar measure. Then the set Ek is nothing but set K itself. Therefore, we have the following result.
Corollary 2.3. Let g ∈ G be a non-torsion element of G and let φ be a ∆2-regular Young function. Let
w, w−1 ∈ L∞(G). If Cn :=
1
2 (T
n
g,w + S
n
g,w) is cosine operator on L
φ(G) then the following statements are
equivalent.
(i) (Cn)n∈N0 is topological transitive.
(ii) For each non-empty finite subset K ⊂ G, there exist sequences of Borel sets (E+k ) and (E
−
k ) in K,
and a sequence (nk) of positive numbers such that for K = E
+
k ∪ E
−
k , we have the two sequence
ϕn =
n∏
j=1
w ∗ δj
g−1
and ϕ˜n =

 n∏
j=1
w ∗ δjg


−1
satisfy
lim
k→∞
sup
ν∈Ω
∑
x∈K
ϕnk(x)|ν(xg
nk )| = 0, lim
k→∞
sup
ν∈Ω
∑
x∈K
ϕ˜nk(x)|ν(xg
nk )| = 0,
lim
k→∞
sup
ν∈Ω
∑
x∈E+
k
ϕ2nk(x)|ν(xg
2nk )| = 0, and lim
k→∞
sup
ν∈Ω
∑
x∈E−
k
ϕ˜2nk(x)|ν(xg
2nk )| = 0.
Here we present a characterization of topological trasitivity for a finite sequence of weighted cosine
operators.We set the following notations for the sequence. For a fixM ∈ N. Let {gl}1≤l≤M and {wl}1≤l≤M
be the sequences of aperiodic elements of group G and positive weight respectively. Then {Tgl,wl}1≤l≤M
is a sequence of weighted translation operators. We have the following characterization.
Theorem 2.4. Let {gl}l and {wl}l be the sequences of aperiodic elements and positive weights respectively
such that wl, w
−1
l ∈ L
∞(G). Let Cl,n :=
1
2 (T
n
gl,wl
+Sngl,wl) be the cosine operators on L
φ(G) for 1 ≤ l ≤M ,
where Tgl,wl is the weighted translation operator. Then the following statements are equivalent.
(i) (C1,n ⊕ C2,n ⊕ · · · ⊕ CM,n)n∈N0 is topologically transitive.
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(ii) For each non-empty compact subset K ⊂ G with λ(K) > 0, there is some sequence (nk) of positive
integers such that for 1 ≤ l ≤M , there exist sequences of Borel sets (El,k), (E
+
l,k) and (E
−
l,k) such
that for El,k = E
+
l,k ∪E
−
l,k, we have
lim
k→∞
sup
ν∈Ω
∫
K\El,k
|ν(x)| dλ(x) = 0
and the two sequence
ϕl,nk =
nk∏
j=1
wl ∗ δ
j
g
−1
l
and ϕ˜l,nk =

 nk∏
j=1
wl ∗ δ
j
gl


−1
satisfy
lim
k→∞
sup
ν∈Ω
∫
El,k
ϕl,nk(x)|ν(xg
nk )| dλ(x) = 0,
lim
k→∞
sup
ν∈Ω
∫
El,k
ϕ˜l,nk(x)|ν(xg
nk )| dλ(x) = 0,
lim
k→∞
sup
ν∈Ω
∫
E
+
l,k
ϕl,2nk(x)|ν(xg
2nk )| dλ(x) = 0,
lim
k→∞
sup
ν∈Ω
∫
E
−
l,k
ϕ˜l,2nk(x)|ν(xg
2nk )| dλ(x) = 0.
Proof. (i)⇒(ii). Let K be a compact subset of G such that λ(K) > 0. Since (C1,n⊕C2,n⊕···⊕CN,n)n∈M0
is topological transitive, for ǫ ∈ (0, 1), there exist fl ∈ Lφ(G) and m ∈ N such that for 1 ≤ l ≤ M, we
have
‖fl − χK‖φ < ǫ
2 and ‖Cl,mfl + χK‖φ < ǫ
2.
Further, to complete the proof follow the proof of part (i) ⇒ (ii) of Theorem 2.1 to get desired
conditions on weights wl for each l.
(ii) ⇒ (i). Let Ul and Vl be non-empty open subsets of L
φ(G). Since φ is ∆2-regular we can choose
two non-zero functions fl and hl in Cc(G) such that fl ∈ Ul and h ∈ Vl. Set K = spt(fl) ∪ spt(hl). Let
El,k ⊂ K and it satisfies condition (ii). Now, imitate the proof of (ii) ⇒ (i) of Theorem 2.1 to get that
Cl,nk(Ul) ∩ Vl 6= ∅ for each l, 1 ≤ l ≤M. 
Example 2.1. Let G = Z. Fix an aperiodic element g ∈ Z with g ≥ 1. Define the Young’s function
φ(x) = (1 + |x|) ln(1 + |x|)− |x|, and consider the weight function
w(i) =


1
2 , i ≥ 0,
3
2 , i < 0.
A direct computation needs to find the complementary of Young’s function φ, that is ψ(x) = exp(|x|)−
|x| − 1. Note that φ is ∆2-regular and vanishes only at zero. Choose an arbitrary ν ∈ Ω. Then,∑+∞
n=−∞ ψ(|ν(n)|) ≤ 1 if and only if
∑+∞
n=−∞(exp(|ν(n)|) − |ν(n)| − 1) ≤ 1. But the last is established
only if |ν| ≤ 2. Each compact subset K ⊂ Z is a finite set, consisting of the integers a1 ≤ a2 ≤ · · · ≤ am.
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Take Ei := {a1, · · ·, ai} and for each i ≥ m, define Ei := Em. Put nk = i, E
+
k := Ei and E
−
k := ∅ in the
statement (ii) of Theorem 2.1. In this circumstances, we have
lim
n→∞
sup
ν∈Ω
∑
j∈K\En
|ν(j)| = 0.
In addition, one may find n0 ∈ N such that a1 + n0g ≥ 0. Hence, for each n ≥ n0 we have,
supν∈Ω
∑
i∈En
ϕn(i)|ν(i + ng)| ≤ 2
∑
i∈En
ϕn(i)
= 2
∑
i∈En
w(i + g)w(i + 2g) · · · w(i + ng)
≤ 2
∑
i∈En
w(a1 + g)w(a1 + 2g) · · ·
w(a1 + n0g)w(a1 + (n0 + 1)g) · · · w(a1 + ng)
≤ 2
∑
i∈En
(12 )
n−n0w(a1)
|a1|
= 2card(En)(
1
2 )
n−n0w(a1)
|a1|
≤ 2m(12 )
n−n0w(a1)
|a1| → 0,
as n→∞. Here, card(En) means the cardinality of the set En.
Similarly, there exists t0 ∈ N such that am − t0g ≤ 0 and so for each n ≥ t0,
supν∈Ω
∑
i∈En
ϕ˜n(i)|ν(i + ng)| ≤ 2
∑
i∈En
ϕ˜n(i)
= 2
∑
i∈En
w−1(i− g)w−1(i− 2g) · · · w−1(i− ng)
≤ 2
∑
i∈En
w−1(am − g)w
−1(am − 2g) · · ·
w−1(am − t0g)w−1(am − (t0 + 1)g) · · · w−1(am − ng)
≤ 2
∑
i∈En
(23 )
n−t0w−1(am)
|am|
≤ 2m(23 )
n−t0w−1(am)
|am| → 0,
as n→∞. The other statements of Theorem 2.1 can be verified in this way. Therefore, by Theorem 2.1,
the corresponding sequence of cosine operators to the weight w and g, is topological transitive.
Acknowledgment
Vishvesh Kumar thanks the Council of Scientific and Industrial Research, India, for its senior research
fellowship.
References
[1] S. I. Ansari, Hypercyclic and cyclic vectors, J. Funct. Anal. 128 (1995), no. 2, 374-383.
[2] M. R. Azimi, I. Akbarbaglu, Hypercyclicity of weighted translations on Orlicz spaces, Oper. Matrices 12 (2018), no. 1,
27-37.
[3] F. Bayart, E´. Matheron, Dynamics of linear operators, Cambridge Tracts in Mathematics, Cambridge University Press,
Cambridge, 2009.
TOPOLOGICAL TRANSITIVE SEQUENCE OF COSINE OPERATORS ON ORLICZ SPACE 11
[4] A. Bonilla, P. Miana, Hypercyclic and topologically mixing cosine functions on Banach spaces, Proc. Am. Math. Soc.
136 (2008) 519528.
[5] C. Chen, Topological transitivity for cosine operator functions on groups, Topology Appl. 191 (2015), 48-57.
[6] C. Chen, C-H. Chu, Hypercyclic weighted translations on groups, Proc. Amer. Math. Soc. 139 (2011), no. 8, 2839-2846.
[7] C. Chen, C-H. Chu, Hypercyclicity of weighted convolution operators on homogeneous spaces, Proc. Amer. Math. Soc.
137 (2009), no. 8, 2709-2718.
[8] K.-G. Grosse-Erdmann, A.P. Manguillot, Linear chaos, Universitext, Springer, London, 2011.
[9] T. Kalmes, Hypercyclicity and mixing for cosine operator functions generated by second order partial differential
operators, J. Math. Anal. Appl. 365 (2010) 363375.
[10] C. Kitai, Invariant closed sets for linear opeartors, Thesis (Ph.D.)University of Toronto (Canada), 1982.
[11] M. M. Rao, Z. D. Ren, Theory of Orlicz spaces, Monographs and Textbooks in Pure and Applied Mathematics, 146.
Marcel Dekker, Inc., New York, 1991.
[12] H. N. Salas, Hypercyclic weighted shifts, Trans. Amer. Math. Soc., 347 (3) (1995) 993-1004.
Ibrahim Akbarbaglu
Department of mathematics
farhangian university
tabriz, iran.
E-mail address: ibrahim.akbarbaglu@gmail.com
Mohammad Reza Azimi
Department of mathematics
faculty of sciences
university of maragheh
55181-83111, maragheh, iran.
E-mail address: mhr.azimi@maragheh.ac.ir
Vishvesh Kumar
Department of Mathematics
Indian Institute of Technology Delhi
Delhi - 110 016, India.
E-mail address: vishveshmishra@gmail.com
